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Most of the existing researches on the dynamics of a domain wall (DW) have
focused on the effect of DC biases, where the induced velocity is determined by the bias strength. Here we show that AC biases such as a field or a current are also able to move a DW via synchronization between the DW angle and the phase of the AC bias. The resulting DW velocity is proportional to the driving frequency of the AC bias, but independent of the bias strength, offering potentially low-power operations of DW devices.
The AC-bias-driven DW motion is shown to exhibit a phase locking-unlocking transition, a critical phenomenon akin to the Walker breakdown of a DC-bias-driven DW motion.
Our work shows that a DW can be driven resonantly by synchronizing its angle to AC biases, shedding a light on hitherto overlooked utility of internal degree of freedom for driving magnetic textures.
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The dynamics of topological solitons in magnets has been a topic of long-standing interest because of their intriguing fundamental physics as well as technological applications [1] [2] [3] . A prototypical example is a domain wall (DW) in an easy-axis magnet, an interface between two different uniform ground states. In 1974, Schryer and Walker studied the dynamics of a DW induced by an external magnetic field and discovered a novel nonlinear phenomenon, socalled Walker breakdown which refers to the sudden drop of the DW velocity due to the onset of its precessional motion 4 . More recently, current-induced motion of a DW has been studied intensively due to its potential utility as a topologically-protected information carrier in spintronic devices as demonstrated in magnetic DW racetrack memory 3 . Most of the existing researches on the dynamics of a DW have focused on the effects of DC field or current, where the induced velocity is determined by the strength of the external bias, whereas the dynamics of a DW subjected to AC biases has remained as a largely open area except for a few studies on antiferromagnetic DW motion driven by rotating fields 5, 6 . The focus of this work is on the AC-bias-induced dynamics of a ferromagnetic DW, which has not been explored yet.
The low-energy dynamics of a DW in a thin ferromagnet strip with perpendicular magnetic anisotropy is known to be well described by the two collective coordinates, its time dependent position !(#) and in-plane angle of the DW's magnetization %(#) 4, 7, 8 . In the previous studies on the DW motion, the primary focus has been on the dynamics of the position variable !, whereas the dynamics of the angle variable % has been considered secondary and sometimes undesirable. The origin of this perception can be found in a DW motion driven by a DC field 4 . When the driving field is sufficiently small, the DW moves to decrease the Zeeman energy, but the DW angle % is maintained constant since its dynamics is suppressed by the shape anisotropy. In this regime, there is only one channel for energy dissipation, the dynamics of !, and thus all the energy is spent only on moving the DW. When the external field becomes strong enough to overcome the shape anisotropy, the aforementioned Walker breakdown occurs due to the gyrotropic coupling between the position and the angle and the DW precesses and moves simultaneously. The Walker breakdown engenders a new dissipation channel through the angle dynamics %̇ compared to the small-field regime, giving rise to the substantial slowdown of the DW. For this reason, finding an efficient way to avoid the Walker breakdown by suppressing the dynamics of the angle % has been a topic of significant interest [9] [10] [11] [12] .
In this Article, we aim to challenge the conventional subsidiary, often antagonistic, view on the dynamics of the DW angle % by investigating the DW behaviour when its angle is resonantly driven directly by AC biases as a primary control variable. To this end, we study the dynamics of a DW in the simultaneous presence of DC and AC fields. Specifically, we consider the DC magnetic field that is sufficiently strong to put the system above the Walker breakdown so that the DW angle keeps changing at a certain precession frequency, and investigated the effect of the AC magnetic field on the DW velocity. We find that the DW velocity changes linearly as a function of the frequency of the AC field, not the strength of it, when the driving frequency is close to the precessional frequency of the DW. The frequencydependent DW velocity is explained by the phase locking between the AC field and the DW precession, which is analogous to the phase locking between interacting oscillators 13 . We also discover a critical phenomenon in the AC-field-driven DW motion, which is identified as a phase locking-to-unlocking transition.
In addition, we find the same phenomenon in the current-induced DW motion in the presence of DC spin-transfer torque (STT) and AC spin-orbit torque (SOT), which can be realized in heterostructures consisting of a metallic ferromagnet and a heavy metal with insulating barrier, e.g., Pt/NiO/CoTb used in Ref.
14. The result AC-current-induced DW motion is independent of the DW type differing from the field-driven case, and thus can be used for realizing DW racetrack memory 3 . All the theoretical results are supported by numerical simulations. We envision that hitherto overlooked internal degrees of freedom of topological magnetic solitons can serve as alternative handles for the dynamics of the solitons, wherein AC biases can be used as useful and versatile tools.
Our model system is a thin ferromagnetic film with perpendicular magnetic anisotropy, 
where ] s ≡ 24 8 /; < is the hard-axis anisotropy field. The equation of motion for the position is given by
Note that the DW velocity !̇ depends linearly on the DW angle precession %̇ in Eq. (2) . In this regime, for the long-term dynamics, the time-averaged precession is finite, 〈%̇〉 > 0, and thus the hard-axis anisotropy term ∝ ] 0 in Eq. (1) that is sinusoidal in the angle can be neglected over the other terms 7, 8 . By taking this approximation, Eq. (1) can be recast into
where coupled to a resistance-inductor-capacitor circuit 13 . The Adler equation has been invoked in spintronics to explain the phase locking of the spin-torque oscillator to an AC current [17] [18] [19] .
When the driving frequency Ç =^/2Ä is sufficiently close to the precession frequency Ç É =^~/2Ä of the magnetization of the DW ; ÑÖ (see Fig. 1b) , the criteria for which will be determined below, the DW angle is synchronized with the AC field (i.e. the resonance between the DW angle dynamics and an AC field). Between the two possible simplest choices for synchronization, %̇≈^ and %̇≈ −^, the first term ^~> 0 in Eq. (3) drives the system into the former synchronization. In this phase-locked regime, the DW angle The necessary criteria to be in the phase-locked regime can be found as follows. In terms of \%, Eq. Yê Ñ cos(^#) cos % c,
We consider the cases where the DC STT is sufficiently strong to put the DW dynamics above (5) becomes invalid. We would like to mention that, in the simulations, the DC current of the large magnitude is applied for illustrative purpose so that the DW prcession frequency Ç É is high enough to exhibit both the upper and the lower critical breakdowns. However, the AC-biased DW motion are expected to work as long as the DW is in the precessing regime which can be achieved by the DC current of much smaller magnitudes.
We have shown analytically and numerically that, in the simultaneous presence of a DC and an AC bias, where biases can be either external fields or currents, a ferromagnetic DW can synchronize its angle with the AC bias, which in turn gives rise to its motion via the gyrotropic coupling between the angle and the position. One notable feature of the resultant velocity is that it is linearly proportional to the frequency of the AC bias and independent of its magnitude. We have also discussed the transition from phase-locking to phase-unlocking, and obtained the necessary criteria for the phase-locking behaviour. In this work, we have focused on the cases where the DC bias is strong enough to induce the precessional dynamics of the DW (i.e., above the Walker breakdown). Further investigations are needed to understand the
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DW dynamics in the presence of general DC and AC biases and thereby obtain the full nonequilibrium phase diagram of the DW motion. In addition, we expect that AC-bias-driven DW motion exhibits fractional synchronization phenomena where the angle precession frequency is locked to a non-integral rational multiple of the driving frequency, which we leave as a future research topic. Lastly, the identified mechanism for the AC-bias-driven DW motion utilizes the gyrotropic coupling between the DW angle and the position of ferromagnetic DWs, and thus it would not be operative for antiferromagnetic DWs, which lack in the gyrotropic coupling as manifested by the absence of the Walker breakdown 27, 28 . We hope that our work will trigger new theoretical and experimental researches in the future, where the DW angle is viewed as an active degree of freedom for controlling the DW. 
